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Abstract. The G-function associated to the semisimple Frobenius manifold C^/W (where W 
is a Coxeter group or an extended afBne Weyl group) is studied. The general form of the G- 
function is given in terms of a logarithmic singularity over caustics in the manifold. The main 
result in this paper is a universal formula for the G-function corresponding to the Frobenius 
manifold C"/W'''^ , where W^''\An—i) is a certain extended affine Weyl group (or, 
equivalently, corresponding to the Hurwitz space Mg-fc— i n-fe-l)i together with the general 
form of the G-function in terms of data on caustics. Symmetries of the G-function are also 
studied. 



1. Introduction 



The main result in this paper is the following universal formula, independent of k , 

G 



24 



for the G-function corresponding to the Frobenius manifold C"/M^'^'^-'(A„_i) , where W^^\An^i) 
is a certain extended affine Weyl group (or, equivalently, corresponding to the Hurwitz space 
Afo;fc_i,„_fe_i) |DZ1|, together with the general form of the G-function in terms of data on caustics. 
For n < 3 this result is already known | DZ2 , with such solutions being found by directly solving 
the governing equations for G . For arbitrary k and n a different approach is required. 

The G-function itself plays a number of important roles within the mathematics and applications 
of the theory of Frobenius manifolds, all connected, especially in the semisimple case, with the 
construction of genus one objects from genus zero data. Thus in TQFT it appears in the genus 
one contribution to the free energy of the field theory; in enumerative geometry it governs genus 
one Gromov-Witten invariants; in integrable systems it appears in the first order deformation of 
bi-Hamiltonian structures. The (n = 2, A: = 1) case corresponds to the quantum cohomology of 
CP^ , and the precise form of the G-function is required in establishing, to first-order in the genus 
expansion, that the underlying integrable system is the Toda lattice. The results in this paper may 
to used to construct similar conjectures for generalized Toda and Benney hierarchies. It will be 
assumed in this paper that the reader has an understanding of Frobenius manifolds. In particular, 
the concepts and notation will follow Dubrovin |D1|. 



In |DZ2| Dubrovin and Zhang (following from conjectures of Givental |Gil|) proved that for 
semisimple Frobenius manifolds the G-function is given by the formula 

Tl 



G = log 



Jl/24 



(1) 



where r/ is the isomonodromic r-function and J is the Jacobian of the transformation between 



canonical and flat-coordinates. The governing equations for G itself were obtained by Getzler |Ge 



and are the following overdetermined set of linear equations [DZ2| 



E 

l<ai,a2,a3,CK4<'M 



^OLl ^Ct3 ^(^4 ^ai(y.2Ct3Q.4 



(2) 
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where 

I. Ty cP'G , ,, ,, cP'G ,, ,, OG 

= 3 r'^ r 4 r'^ r r'^ r I- 

aia2a3 ct4fi ' g 01020:3 a4M'> 24 "1^^20304 ^ 01021^ 0304/i ' 

The proof that (0) satisfies these equations involves rewriting them in terms of canonical coordi- 
nates. In particular |DZ2 |: 



Theorem 1. For an arbitrary semisimple Frobenius manifold the system has a unique, up to 
an additive constant, solution G = G{t^ , . . . satisfying the quasihomogeneity condition 

CeG^-/ (3) 

with a constant 7. This solution is given by the formula ^ where tj is the isomonodromic tau- 
function and 

is the Jacobian of the transform from the canonical coordinates to the flat ones. The scaling 
anomaly 7 in is given by the formula 

1 2 '^'^ 
^ = -4Z.'^"+ 48 

Q = l 



where 



2' " = ^'- 



A simple extension of this result appeared in [ DZ5 ] 



Theorem 2. The derivatives of the G-function along the powers of the Euler vector field are given 
by the following formulae 

deG = 0, (4) 
^^^=48-4*'"'^' 

Oei^G = -itr (fi {plU^~^ + UfiU''-'^ + ■■■ +U^-^^l)) 

UliU""-^ +UfiU''-^ + ■ ■ ■+U''-^n}E- ^U''-^ E,h\ , (6) 



k>2 



where 



H 



For any given Frobenius manifold one may solve the governing equations given in the above 
theorems to find the G-function. However, for classes of Frobenius manifold, such an approach is 
impractical. The idea behind this paper is that it is the singularity structure of these differential 
equations that drives the solution: the solution may be derived purely in terms of data on the 
singularities. Geometrically these singularities correspond to caustics in the Frobenius manifold 
and the singularity data to the _F-manifold structure on the caustics. This idea will be illustrated 
by finding the G-function for Frobenius manifolds constructed from Coxeter groups and extended- 
afhne Weyl groups. These caustics also have a number of interesting curvature properties and 
applications in integrable systems theory ||s|. 

The rest of the paper is laid out as follows. In section 2 the relationship between the multiplica- 
tion on caustics and the singularities of the G-function is studied. In section 3 these results will be 
used to study the G-function for the Frobenius manifold C"/M^ , where is a Coxeter group. In 
section 4 the G-function will be studied for the Frobenius manifold C"" /W , where W is an extended 
affine Weyl group, concentrating in particular on the special case W = W'-''\An-i). Frobenius 
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manifolds have certain natural symmetries |D1|, and such symmetries induce symmetries of the 
corresponding G-functions. Such symmetries are studied in section 5. 

2. Multiplication on caustics and the G-function 

By definition, a massive Frobcnius manifold M. has a semisimple multiplication on the tangent 
space at generic points of Ai . The set of points where the multiplication is not semisimple is 
known as the caustic, and will be denoted K. . This is an analytic hypersurface in M , which may 
consist of a number of components (possibly highly singular) , 

The set of smooth points in /C will be denoted ICreg ■ 

The simplest case case is where the multiplication on the caustic K-i is of the type ^2(^1) , 
i.e. the multiplication decomposes into n—2 one-dimensional algebras and a single two-dimensional 
algebra based on the Coxeter group I2 (N) . The following theorem studies the behaviour of the 
G-function near such caustics. 



Theorem 3. [Hl| Let {M,o, e, E, g) be a simply connected massive Frobenius manifold. Suppose 
that at generic points of the caustic JCi the germ of the underlying F-manifold is of type l2{Ni)A^~'^ 



for one fixed number Ni > 3. 

a) The form d logr/ has a logarithmic pole along JCi with residue — ^"'^g^y^^ along ICi O ICreg- 

b) The form — ^dlog J has a logarithmic pole along K-i with residue ^l^' along ICi ICreg- 

c) The G-function extends holomorphically over ICi iff Ni ~ i. 



The explicit form of the multiplication used in the proof of this theorem is, in terms of the 
coordinate fields Si = , with respect to some not necessarily flat coordinates , 

SlO S2 = 62, 

82062 = {t')''-'5^, (7) 
Si o Sj = Sij 6j otherwise , 

with caustic K, — {t | = 0} . The canonical coordinates are, on a simply connected subset of 
M-/C, 



the idempotent vector fields are 



Ml = 


t' + 


-it'] 


N 
2 , 


U2 = 


t'- 




N 
2 , 


Mj = 


t\ 




i>3, 


ei = 


1 , 

2'^ + 


\^'"> 


N-2 

' ' S2 


62 = 


\^^- 




N-2 

' ' S2 




Si , 




i > 3 



and the Euler vector field is 

2 " 
E = t'Si + —t^S2 + J2 t'8^ ■ 

i=3 

With these one may directly calculate the forms d log t/ and d log J near the caustic to obtain the 
above result. However, not all caustics are of this simple kind, as the following example shows. 
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Example Consider the Frobenius manifold Q^iCP^) , related to the quantum cohomology of 
CP^, given by the prepotential and Euler field 

F - l(t^)h' + e-'\ (r>0), 
r 

The canonical coordinates are easily calculated: 

U2 — t — 2r^e^ . 

Note that ui — U2 does not vanish at finite points, but will vanish in the limit — oo. Thus 

one has a 'caustic at infinity' or limiting caustic 

This idea of a 'caustic at infinity' may be made more precise by introducing new coordinates 

P = t\ 
P = e'\ 

In these coordinates the caustic becomes ICiog — {{t^,P) \ P — 0} and the multiplication takes 
the form (with t replaced by t) given in the first two equations of (Q) with r = N. Such a caustic 
will be referred to as a logarithmic caustic. These new variables are no longer flat - the metric is 
logarithmic along ICiog , 

g = 2dt^ dP , 

but the .F-manifold structure (as the next Lemma will show) is easier to understand in these 
coordinates. 

It is illuminating to calculate the G-function purely in terms of canonical coordinates, as this 
will mirror the calculations in the next lemma. The G-function is made up of two parts (see 
[DZ|,|DZ|): 



1 7]"^ 

dlogTi = -iui-U2)—^d{ui-U2), 
8 ?7i?72 

_ r dp 

"16 'W 

(using the fact that the Egoroff potential rj = P) and 

Hence from (|^) dG = — ^ ^ and since G is independent of i"'^ , G = — ^ log P . Note that dG has 
a logarithmic pole along ICiog (In fact, for any two-dimensional semisimple Frobenius manifold 
the scaling anomaly and the equations 

LeG = 0, 

LeG = 7 

determine G up to a constant, G = 7log(ui — U2) ■ From this one sees the close relationship 
between properties of the G-function and caustics). 



The next result studies the behaviour of the G-function near such a limiting caustic. The proof 
is almost identical to the proof |H1| of theorem 3. 
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Lemma 4. Let M C C" be a manifold with coordinates i^, and K-iog '.— {i\t'^ — 0} such that 
Ai — ICiog is a Frobenius manifold (M — ICiog^OjC, E, g) with the following properties: for some 
^log > 1 the multiplication o is given by 

^1 O (52 = S2 , 

Si o Sj — Sij dj otherwise , 

where — ^ ( then for Niog > 2 it extends holomorphically to K-iog and for Ni^g > 3 ICiog is the 
caustic); the metric is logarithmic along JCiog , i.e. the matrix of components of the metric g for 
a base of logarithmic vector fields, with respect to ICiog , is holomorphic and nondegenerate on the 
caustic JCiog . Then near the caustic JCiog , 



2 



d log J = + holomorphic one form in t . 

d log Tj ~ ^ -j^ + holomorphic one form in t . 



id hence 



t' 



dG = — — h holomorphic one form in t . 

24 i2 



It will be shown in section 4 that for Frobenius manifolds constructed from extended affine Weyl 
groups the assumption made in the above lemma holds. The lemma shows that near the caustic 
ICiog the form dG is, in the original flat coordinates, finite. This fact may then be used to exclude 
the possibility of terms like e~ appearing in the G-function. 

Proof Note for Niog > 2 the F-manifold structure is of type l2{Niog)A"'''^ (and /2(2) = Aj). For 
Niog — 1 the multiplication has a simple pole along ICiog ■ The proof is entirely analogous to the 
proof of Theorem 3. The socle field is 

H = 2PS2 +S3 + ...+5n, 

and now PS2{ri){0) 7^ . With this data one can repeat the proof of Theorem 3, as given in |H1]. 
to derive the result. 

3. The G-function for Coxeter groups 
The construction of a Frobenius manifold structure on the orbit space C"/T4^ (where is a 



Coxeter group) is given in |D1|. The only parts of that construction that will be required in this 
section are the following: 

• in flat-coordinates, the prepotential, and hence the structure functions of the Frobenius 
algebra, are polynomial functions; 

• the Euler vector field takes the form 

E = y dr > 

r— 1 

where the dr are the exponents of the Coxeter group and h is the Coxeter number of W . 
The components of the caustic IC for such orbit spaces are given in terms of quasihomogeneous 
polynomials such that k~^(0) — ICi . The i^-manifold structure on these caustics is known, the 
multiplication is of type /2(iVi)A"~^ , and this enables Theorem 3 to be used. The data Ni is 



given in Table 1. It can be extracted with some work from |II2] Theorem 5.22, which builds on 



Proposition 5. The G-function on C^/W takes the form 

1 (iVi~2)(jVi-3) ^ 

^ = -24 N[ ^"^'^^ 

and the constant Ni , which depends on the Coxeter group W , is given in table 1. 
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i^o'vpf pr r^rm iTt 1/1/ 


INFiTmnor of pj^imfir*'^ 


Values of N- 


A„ , Dn , i?6,7,8 


1 


iVi = 3 


5n 


2 


TVi = 4 , 7V2 = 3 


^4 


3 


iVi = 4 , 7V2 = iVs = 3 


^3 


2 


ATi = 5 , 7V2 = 3 


Hi 


2 


A^i = 5 , 7V2 = 3 


h{h) 


1 





Table 1. Data on the caustics of the Frobenius manifold C"/W 



Proof From theorem 2 it follows that the only singularities of dG are on caustics, and it is known 
that the multiplication on the caustics of a Frobenius manifold obtained from a Coxeter group is 



of the form where Theorem 3 may be applied (see |Gi2| and [H2] Theorem 5.22). 

It follows from the polynomial nature of the structure functions and Theorem 2 that all first 
derivatives dG/dt" are rational functions. Hence, on integrating, G takes the schematic form 

G(t) = rational function + logarithmic singularities 

By Theorem 3, the only singularities that G has are logarithmic singularities on JCi . Thus the 
rational functions must be polynomial. However, the only polynomial function compatible with 
the symmetry (^) is a constant (this uses the fact that the exponents of the Coxeter group are all 
positive). Since G is only defined up to a constant anyway one has: 



1 (iVi-2)(jV,-3) , 

and hence 



--sE^^^^T^-(>o^«.). (10) 

i—l 

Using the data in table 1, and in particular that in all cases there is at most one caustic, denoted 
/Ci , with Ni > 3 , the result follows. 



The scaling constant 7 may be calculated purely from the data on the caustics 

1 (iVi-2)(7Vi-3) 



so in particular for W = B„ 



24 N, (11) 



i?(«f") = 



The solutions are summarized in Table 2. This uses the explicit form of the prepotential for 



various 4-dimensional Frobenius manifolds given in |D2|. The constants 7 are easily found using 
the exponents of the Coxeter group. Note that if 7 = then one may deduce from (^0|) that 
iVj = 3 for all i and hence G = , even without knowing the number of components of the caustic. 
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' W 




An 








Bn 


(l-n) 
48n 




Dn 








£-6,7,8 








F4 


1 

48 


-^log[6ti-2t2 


Hs 


3 
100 


-^l0g[t2- 


Hi 


1 

25 


-^log[2025ti -8100*2^1 - 


h{h) 


1 (/i-2)(/i-3) 
12 /i^ 


1 (2-/i)(3-/i) , 
24 h ^ 



■ log[t2 



Table 2. The G-function on the space C"/VF 



4. The G-function for extended affine Weyl groups 

The construction of a Frobenius manifold structure on the orbit space C"/W (where W is an 
extended affine Weyl group) is given in |DZ1|. The following parts of their construction will be 
required in this section: 

• in flat coordinates, the prepotential, and hence the structure functions of the Frobenius 
manifold, are polynomial functions in {t^ ,P , . . . 

• the Euler vector field takes the form 

ri-l 



E 



E 



d 



1 d 



^«-i,e*"}; 

dr> Q 



where the dr are variou s num bers related to the extended affine Weyl groups, which may 
be found in Table 2 of [|DZl[] . 

In addition one requires the following properties of caustics and limiting caustics for these mani- 
folds: 

Lemma 6. The extended affine Weyl group Frobenius manifolds are coverings of Frobenius man- 
ifolds 

M - Kiog = c" - {t I r = 0} , 

with covering map t 1— > t = {t^ , . . . ,t"^"'^,e* }. At generic points of K-iog the assumptions of 
Lemma 4 are satisfied. The caustics of the extended affine Weyl group Frobenius manifolds are 
given by the vanishing of certain quasihomogeneous polynomials in the variables {t^ ,t^ , . . . ,t 



n-l ^t" 



,e*"}. 



Proof The proof is simpler in flat coordinates {t} rather than the {t} coordinates. The canonical 
coordinates are the roots of the polynomial poly{\) = where 

poly{\)^detW^{t)-\j^'^{t)]. 



Using the information contained within the details of Lemma 2.6 in |DZ1| (in particular the 
equation preceding (2.30)) it is easy to show that 

lim g^' = 

— 00 

for r ^ n (recall that for these manifolds the identity element is given by e = -ir^ rather than 



d 

W 



This shows, on expanding the determinant along the k row or column, that in the 
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limit t" — oo , the polynomial poly{X) has a repeated root. Hence /Coo is a limiting caustic, or 
equivalently, JCiog is a logarithmic caustic. Consideration of the resultant of poly (X) also shows that 
the standard caustics are all given in terms of quasihomogeneous polynomials Ki , via Id = k~^{0) , 
where the Hi are polynomial in the variables {t} . In addition, the Egoroff potential for these 
manifolds is given by 

V = tk = Vkrf^ = ■ 

Thus (i"(5„?7)L, is constant. Thus the assumptions in lemma 4 hold for these manifolds. 

Proposition 7. Under the assumption that the multiplication on the caustics JCi of the Frohenius 
manifold /W is of the form A"^'^l2{Ni) the associated G-function is 

V log.. (12) 

i—1 



where 

-^-lv(^'-^)(^--^)i^(iog.. 

2Adk 24 ^ iV, ^ ^ ' 

z— 1 



Proof The idea behind this proof is similar to the one used in proposition 5. One is integrating 
rational functions so the G-function has only rational and logarithmic terms. Under the above 
assumption one can exclude pole singularities and by lemma 4 one can exclude behaviour like 
e~* . A scaling argument then forces a polynomial to be a constant. 

In more detail, the argument runs as follows. In flat coordinates equations (^),(||) and (^) (for 
fc = 2 , . . . , n) may be inverted to find all the first derivatives of the G-function with respect to 
the flat coordinates. These must be rational functions with the same denominator, and so may be 
written 

dG p,{t) 

— ^ — ^ , . , 1 = 1,... ,n, (13 
dt' A{t) ^ ^ 

where pi and A are quasihomogeneous polynomials in {t^ , ■ ■ ■ , t"~^ , e* } . It is useful to introduce 
a slightly different set of variables, {i"}, defined by = t" ,a = 1 , . . . , n — 1 , and = e* .In 
these new variables (|l^ ) become 

dG _ p{t) 
dP ~ <" A(t) 

where the extra term in the denominator comes from the chain rule. On integrating the singular- 
ities will come from the zeroes of the denominator. Thus on integrating 

G(t) = rational function + logarithmic singularities . 

Under the assumption and theorem 3, together with lemma 4 to exclude terms involving e~* , 
the rational function must be polynomial and the scaling argument implies that this is then a 
constant. Thus, 

= " 24 ^ N.- ^^^'"^^^ 

2—1 * 

which becomes (^2|) on converting back to the fiat variables. Application of the Euler vector field 
then gives the final part of the lemma. 

Note, this is just the conjectural form of the G-function; in order to prove it one requires 
information on the F-manifold structure on the caustics of these manifolds. In the special case 
of the group W = W^''\An-i) one may easily derive, using ideas from singularity theory, the 
required F-manifold structure and hence the explicit form of the G-function. 
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w 




Al""' ,Di,Ee,7,8 


~24 ST 


Br 


1 C + i) 

48 dk 


Ci 


1 

24 dk 


Fa 


5 
144 


G2 


1 

16 



Table 3. The scaling anomalies of the Frobenius manifolds C'+^/VF 



Theorem 8. For the Frobenius manifold C"/T4^'''^' the G-function takes the universal form 



G 



1 

24^ 



(14) 



independent of k . 

Proof From the above lemma it suffices to show that the manifold C"/PF*^'^-' (A„_i) has only 
one caustic /Ci (together with the limiting caustic /Coo) on which the multiplication is of the form 
A"~^/2(3) . The scaling anomaly may be derived from the known data (see table 3). 

The proof that Ni = 3 comes from a standard argument in singularity theory. The manifold 
A4 is isomorphic to the base space of the unfolding 



F^{x) =x'' + aix'' ^ + ... + ak + 



and variable x G 



with parameters (ai , . . . ,ak+m) G C''+™^^ x C* and variable x e C* (in pZl| x = e'*"). The 
total space of the unfolding has a critical space C C C* x A4 (of dimension n — k + m) and the 
projection C ^ is a branched covering with the caustic JC being the image of the critical points 
of the projection. In this case the critical space is smooth and the set of critical points of the 
projection C — *■ is also smooth: from this it follows that the caustic K. has only one component 
and that iVi = 3 . The same proof may be used to derive the data in the first line of table 1 for 
the Coxeter group ■ 

A plausible conjecture is that the assumption in proposition 7 is true and also that the data on 
the caustics of the extended affine Weyl groups is the same as the corresponding Coxeter groups. 
For i^a , C3 , G2 extended affine Weyl groups th is ma y be verified by direct calculation using the 
explicit formulae for their prepotentials given in DZ1 |. If the conjecture is true then G = — l/24t" 
for the Di and i?6,7,8 extended affine Weyl groups as well. 



5. Symmetries of the G-function 
Symmetries of the WDVV equation are transformations 

r i-> , 



F 



Vaf3 ■ 
F 



which preserve the equations. In appendix B in [Dl] two types of symmetries were described, a 
Legendre-type transformation and an inversion / . Such transformations are defined in terms 
of fiat-coordinates, but in terms of canonical coordinates and isomonodromic data they are very 
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simple, the details being the content of Lemma 3.13 and Proposition 3.14 in |D1| . Such transfor- 
mations induce transformations in the isomonodromic t/ functions (basically Schlesinger transfor- 
mations) and the G-function: 

Lemma 9. Under a symmetry S^, ■ 

fi = Tl , 

G = G-;^logdet^^^*' 



7 = 7- 

Under an inversion I : 



24 V^(^^• 
24 ' 



Tl 



Tj_ 



6 ^ c+(ii-i),„g,-, 

( This second result assumes that the Euler vector field takes the form 

i=l 

and that d ^ 1. The result may be easily extended to cover more general cases). 



No proof will be given - it follows immediately from Lemma 3.13 and Proposition 3.14 in [Dl] 
together with the transformation properties of Jacobians. These formulae may be used to define 
the G-function on twisted Frobenius manifolds. Note also the invariant properties of G under 
inversions if n = 12 . 

Example Consider the prepotential corresponding to the extended affine Weyl group Ag^-* : 

F^\t% + \t^tl-^^tl + t2e''. 
The corresponding G-function is given by ([l^): 

24 

Under the symmetry 5*2 and one obtains, respectively, the prepotentials 

F = \iiP^ + \iih + \il\ogi2. 
Application of the above lemma then gives the following G-functions: 

G = -\\0gi2. 



The first of these solutions was obtained in |CT| by directly solving Getzler's equations (j^) from 



the corresponding prepotential. The results of this paper may be used to construct the genus one 
corrections to the bi-Hamiltonian hierarchy for generalized, multi-component, Toda and Benney 
hierarchies. 



SYMMETRIES AND SOLUTIONS OF GETZLER'S EQUATION 



11 



Appendix 

In this appendix some of the results of this paper will be extended to the Hurwitz space i?i,o;i j 
which coincides with the orbit space C'+^/J(Ai) where J{Ai) is a Jacobi group - a particular 



extension of complex crystallographic groups [Dl, By direct calculation the G- functions for 
the first two members of this series are 

Gj(Ai) = -;^log?7(io) - ^logis, 

GjiA2) = -^^ogr]{to) - ^\ogU, 

where 77 is the Dedekind function (for the corresponding prepotentials, see The scaling 

anomaly is easily calculated in general, 

1 1 + 2 

which suggests the conjectural form 

1 , ^ ^ + 2 

'24 



Gj{Ai) = --ilog?7(io) - ^^l0gt/+2 



Related results have appeared recently in |KK|. It would be interesting to see how these approaches 
compare. These calculations suggest that the G-function for these spaces should have a simple 
form, though a deeper understanding of the properties of caustics in these spaces will be required 
in order to apply the methods of this paper. 
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